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Abstract
The framework of Doplicher–Fredenhagen–Roberts (DFR) for a noncommutative (NC) space–time is
considered as an alternative approach to study the NC space–time of the early Universe. Concerning this
formalism, the NC constant parameter, θμν , is promoted to coordinate of the space–time and consequently
we can describe a field theory in a space–time with extra-dimensions. We will see that there is a canonical
momentum associated with this new coordinate in which the effects of a new physics can emerge in the
propagation of the fields along the extra-dimensions. The Fourier space of this framework is automatically
extended by the addition of the new momenta components. The main concept that we would like to empha-
size from the outset is that the formalism demonstrated here will not be constructed by introducing a NC
parameter in the system, as usual. It will be generated naturally from an already NC space. We will review
that when the components of the new momentum are zero, the (extended) DFR approach is reduced to the
usual (canonical) NC case, in which θμν is an antisymmetric constant matrix. In this work we will study a
scalar field action with self-quartic interaction φ4 defined in the DFR NC space–time. We will obtain the
Feynman rules in the Fourier space for the scalar propagator and vertex of the model. With these rules we
are able to build the radiative corrections to one loop order of the model propagator. The consequences of
the NC scale, as well as the propagation of the field in extra-dimensions, will be analyzed in the ultraviolet
divergences scenario. We will investigate about the actual possibility that this kμν conjugate momentum
has the property of healing the combination of IR/UV divergences that emerges in this recently new NC
spacetime quantum field theory.
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1. Introduction
The understanding of the physics of the early Universe is one of the great puzzles of the
current theoretical physics. The idea of combining the fundamental physical constants like h¯, c
and G to obtain a length scale was given by Max Planck in 1900
P =
√
h¯G
c3
∼ 1.6 × 10−33 m, (1.1)
where P is the Planck’s length. This relation shows that there is a combination of quantum phe-
nomena (h¯) and gravitational world (G) at this length scale. Indeed, we can say that the effects
of a quantum gravity theory must emerge from the ones near the Planck’s scale. The introduc-
tion of a length scale in a physical theory occurred only forty seven years after Planck’s idea of
constructing a noncommutative (NC) space–time. The motivation to introduce such scale was
the need to tame the ultraviolet divergences in quantum field theory (QFT). The first published
work concerning a NC concept of space–time was carried out in 1947 by Snyder in his seminal
paper [1].
The main NC idea is that the space–time coordinates xμ (μ = 0,1,2,3) are promoted to
operators in order to satisfy the basic commutation relation[
xˆμ, xˆν
]= iθμν, (1.2)
where θμν is an antisymmetric constant matrix, and  is a length scale. The alternative would be
to construct a discrete space–time with a NC algebra. Consequently, the coordinate operators are
quantum observable that satisfy the uncertainty relation
xˆμxˆν  θμν, (1.3)
it leads to the interpretation that noncommutativity (NCY) of space–time must emerge in a fun-
damental length scale , i.e. the Planck’s scale, for example.
However, Yang [2], a little time later, demonstrated that Snyder’s hypothesis to cut off the
infinities in QFT was not obtained through NCY. This fact doomed Snyder’s NC theory to years
of ostracism. After the important result which had showed that the algebra obtained with a string
theory embedded into a magnetic background is NC, a new perspective concerning NCY was
rekindle [3]. Nowadays, the NC quantum field theory (NCQFT) is one of the most investigated
subjects about the description of underlying physics at a fundamental length scale of quantum
gravity [4].
The most popular NCY formalism considers θμν as a constant matrix but different from (1.2),
this formalism is called canonical NCY and it is given by[
xˆμ, xˆν
]= iθμν. (1.4)
Although it maintains the translational invariance, the Lorentz symmetry is not preserved
[5]. For example, in the case of the hydrogen atom, it breaks the rotational symmetry of the
model, which removes the degeneracy of the energy levels [39]. To heal this disease a recent
approach was introduced by Doplicher, Fredenhagen and Roberts (DFR) [6]. It considers θμν as
an ordinary coordinate of the system in which the Lorentz symmetry is preserved.
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time [7] which introduces the conjugate canonical momenta associated to θμν [8] (for a review
the reader can see [9]). This extended NC space–time has ten dimensions: four relative to
Minkowski space–time and six relative to θ -space. This new framework is characterized by a
field theory constructed in a space–time with extra-dimensions (4 + 6), and which does not need
necessarily the presence of a length scale  localized into the six dimensions of the θ -space
where, from (1.4), we can see that θμν has dimension of length-square. Besides, the Lorentz
invariance was recovered and obviously we hope that causality aspects of QFT in this (x + θ)
space–time must be preserved too [10].
By following this concept, the algebraic structure of this DFR-extended (which will be called
DFR∗ from now on) NC phase-space is enlarged by introducing the momenta operators associ-
ated to the coordinates xμ and to the new coordinates θμν . We have the usual canonical momenta
pμ associated to coordinates xμ, and for simplicity, we will call kμν as the antisymmetrical
canonical momenta associated to the new coordinates θμν . These objects are promoted to oper-
ators in an also extended Hilbert space H [8,15–18]. All the corresponding operators belong to
the same algebra and have the same hierarchical level. Recently it was demonstrated [19] that
the canonical momenta kμν is in fact connected to the Lorentz invariance of the system. Hence,
it is possible to construct a field theory with this extended phase-space [20–28].
The addition of the canonical momenta kμν is important if we are interested in the investiga-
tion of the propagation of fields along the θ -space. Our objective here is to disclose and to analyze
new physical aspects that can emerge from the propagation of fields through the θ -direction.
In this paper we have obtained the one loop corrections to the scalar propagator NC φ4
defined in DFR∗ space. We have proposed a NC action with a self-quartic interaction φ4. And
the Feynman rules, necessary to perturbation theory, are obtained. Another target here was to
study the primitive divergences of this model and to calculate the one loop correction to the
scalar propagator for the cases in which kμν = 0, which is a NC toy model, as we will see,
and when kμν = 0. The existence of the NC length scale can bring something new concerning
the mass correction in the propagator expression due to the perturbation theory. We have also
investigated the influence of an extended Fourier space (pμ, kμν) in the primitive divergence of
the propagator.
The paper is organized in the following way: the next section is dedicated (for self-
containment of this work) to a review of the basics of NCQFT DFR∗ framework, namely, the
DFR∗ algebra. In Section 3 we wrote the action for the scalar field with φ4 interaction and
consequently, the Feynman rules in the Fourier space. Section 4 is dedicated to the primitive
divergences of the model. We have used the Feynman rules to obtain the expressions of the
self-energy at the one loop approximation. We have separated it in two subsections, where in
the first one we had the case of the self-energy with kμν = 0 (toy model). The second subsec-
tion described the case when kμν = 0, in which the self-energy was calculated to investigate the
consequence of this momentum in the ultraviolet divergences. To finish, we have discussed the
results obtained here and we have depicted the final remarks and conclusions.
2. The DFR∗ NC space–time
2.1. The algebra
In this section, we will review the main steps published in [8,16–18]. Namely, we will revisit
the basics of the QFT defined in DFR∗ space. The space–time coordinates xμ = (t,x) do not
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promoted to coordinates of this space–time, which has D = 10 and it has six independent spatial
coordinates associated to θμν . Consequently, the parameters θμν are promoted to operators θˆμν
in the commutation relation.
Let us begin with the standard DFR algebra [6] involving only the position operators[
xˆμ, xˆν
]= iθˆμν, [xˆμ, θˆ να]= 0 and [θˆμν, θˆαβ]= 0. (2.1)
Notice that we cannot say that θμν are any kind of position operator because, although it is a
coordinate in the DFR∗ space, it does not mean that it provides any kind of space–time local-
ization, like xμ does in standard commutative space–time. It can be shown that this well known
standard DFR space is in fact incomplete. As a matter of fact, in [19], one of us (with collabo-
rators) showed that the existence of the canonical momentum kμν is intrinsically connected with
θμν and, consequently, with the Lorentz invariance. That is the reason we have called it as a
DFR∗ system (which will be analyzed here) where the momentum associated to θμν is not zero.
In other words, if θμν are coordinates, there exists kμν . This will be reviewed in Section 2.3.
Hence, the canonical conjugate momenta operator kˆμν associated with the operator θˆμν must
satisfy the commutation relation[
θˆμν, kˆρσ
]= iδμνρσ , (2.2)
where δμνρσ = δμρδνσ − δμσ δνρ . In order to obtain consistency we can write that [8][
xˆμ, pˆν
]= iημν, [pˆμ, pˆν]= 0, [θˆμν, pˆρ]= 0,[
pˆμ, kˆνρ
]= 0, [xˆμ, kˆνρ]= − i2δμσνρ pˆσ , (2.3)
and this completes the DFR∗ algebra. It is possible to verify that the whole set of commutation
relations listed above is indeed consistent with all possible Jacobi identities and the CCR algebras
[10]. The θμν coordinates are constrained by the quantum conditions
θμνθ
μν = 0 and 1
4
 θμνθ
μν = 4P , (2.4)
where θμν = εμνρσ θρσ . Here we have adopted that (h¯ = c = 1) and consequently the co-
ordinates θμν have dimension of length squared. The uncertainty principle (1.2) is altered
by
xˆμxˆν  〈θˆμν 〉, (2.5)
in which the expected value of the operator θˆ is related to the particles fluctuation posi-
tion.
The last commutation relation of (2.3) suggests that the shifted coordinate operator [39–44]
Xˆμ = xˆμ + i
2
θˆμνpˆν, (2.6)
commutes with kˆμν and where Pˆμ = pˆμ. The relation (2.6) is also known as Bopp shift in the
literature. The commutation relation (2.3) also commutes with θˆμν and Xˆμ, and satisfies a non-
trivial commutation relation with pˆμ dependent objects, which could be derived from[
Xˆμ, pˆν
]= iδμν, [Xˆμ, Xˆν]= 0 (2.7)
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both equations that the shifted coordinate operator (2.6) allows us to recover the commutativity
property. The shifted coordinate operator Xˆμ plays a fundamental role in NC quantum mechan-
ics defined in the (x + θ)-space, since it is possible to form a basis with its eigenvalues. This
possibility is forbidden concerning the usual coordinate operator xˆμ since its components satisfy
non-trivial commutation relations among themselves (2.1). So, differently from xˆμ, we can say
that Xˆμ forms a basis in Hilbert space.
The generator of the Lorentz group is
Mˆμν = Xˆμpˆν − Xˆνpˆμ + θˆνρ kˆρμ − θˆμρkˆρν, (2.8)
and from (2.3) we can write the generators for translations as pˆμ → −i∂μ. With these ingredients
it is easy to construct the commutation relations
[pˆμ, pˆν] = 0,
[Mˆμν, pˆρ] = i(ημρpˆν − ημνpˆρ),
[Mˆμν, Mˆρσ ] = i(ημσ Mˆρν − ηνσ Mˆρμ − ημρMˆσν + ηνρMˆσμ), (2.9)
which closes the appropriated algebra and we can say that pˆμ and Mˆμν are the generators of the
DFR∗ algebra.
Analyzing the Lorentz symmetry in NCQM by following the lines above, we can introduce
an appropriate theory, for instance, given by a scalar action. It is well known, however, that
elementary particles are classified according to the eigenvalues of the Casimir operators of the
inhomogeneous Lorentz group. Hence, let us extend this approach to the Poincaré group P .
Considering the operators presented here, we can in principle consider that
Gˆ = 1
2
ωμνMˆ
μν − aμpˆμ + 12bμνkˆ
μν, (2.10)
is the generator of some group P ′, which has the Poincaré group as a subgroup. By defining the
dynamical transformation of an arbitrary operator Aˆ in H in such a way that δAˆ = i[Aˆ, Gˆ] we
can construct the set of transformations,
δxˆμ = ωμνxˆν + aμ
δpˆμ = ωμνpˆν
δθˆμν = ωμρθˆρν +ωνρθˆμρ + bˆμν
δkˆμν = ωμρkˆρν +ωνρkˆμρ
δMˆ
μν
1 = ωμρMˆρν1 +ωνρMˆμρ1 + aμpˆν − aνpˆμ
δMˆ
μν
2 = ωμρMˆρν2 +ωνρMˆμρ2 + bμρkˆρν + bνρkˆμρ
δxˆμ = ωμνxˆν + aˆμ + 12b
μνpˆν. (2.11)
One can observe that there is an unexpected term in the last equation of (2.11). This is a
consequence of the coordinate operator in (2.6), which is a nonlinear combination of operators
that act on different Hilbert spaces.
The action of P ′ over the Hilbert space operators is in some sense equal to the action of the
Poincaré group with an additional translation operation over the (θˆμν ) sector. Its generators close
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matter of fact, the commutation of two transformations closes in the algebra
[δ2, δ1]yˆ = δ3yˆ, (2.12)
where y represents any one of the operators appearing in (2.11). The parameters composition
rule is given by
ω
μ
3 ν = ωμ1 αωα2 ν −ωμ2 αωα1 ν
a
μ
3 = ωμ1 νaν2 −ωμ2 νaν1
b
μν
3 = ωμ1 ρbρν2 −ωμ2 ρbρν1 −ων1ρbρμ2 +ων2ρbρμ1 . (2.13)
2.2. DFR∗ quantum mechanics and field theory
To sum up, the framework showed above demonstrated that in NCQM, the physical co-
ordinates do not commute and the respective eigenvectors cannot be used to form a basis in
H =H1 ⊕H2 [16]. This can be accomplished using the Bopp shift defined in (2.6) which has
Eq. (2.7) as consequence. So, we can introduce a coordinate basis |X′, θ ′〉 = |X′〉 ⊗ |θ ′〉 and
|p′, k′〉 = |p′〉 ⊗ |k′〉, in such a way that
Xˆμ
∣∣X′, θ ′〉= X′μ∣∣X′, θ ′〉 and θˆμν∣∣X′, θ ′〉= θ ′μν∣∣X′, θ ′〉, (2.14)
and
pˆμ
∣∣p′, k′〉= p′μ∣∣p′, k′〉, kˆμν∣∣p′, k′〉= k′μν∣∣p′, k′〉. (2.15)
The wave function φ(X′, θ ′) = 〈X′, θ ′|φ〉 represents the physical state |φ〉 in the coordinate
basis defined above. This wave function satisfies some wave equation that can be derived from
an action, through a variational principle, as usual. In [16], the author constructed directly an
ordinary relativistic free quantum theory. It was assumed that the physical states are annihilated
by the mass-shell condition, i.e.,(
pˆμpˆ
μ −m2)|φ〉 = 0, (2.16)
demonstrated through the Casimir operator C1 = pˆμpˆμ (for more algebraic details see [16]). It is
easy to see that in the coordinate representation, this originates the NC Klein–Gordon equation.
Condition (2.16) selects the physical states that must be invariant under gauge transformations.
To handle with the NC case, let us assume the second mass-shell condition(
kˆμν kˆ
μν −2)|φ〉 = 0, (2.17)
and that it must be imposed on the physical states, where  is some constant with dimension M2,
which sign and value can be defined if k is spacelike, timelike or null. Analogously the invariant
Casimir is C2 = kˆμν kˆμν , which has demonstrated the validity of (2.16) (see [16] for details).
Both Eqs. (2.16) and (2.17) permit us to construct a general expression for the plane wave
solution such as [16]
φ
(
x′, θ ′
) := 〈X′, θ ′∣∣φ〉= ∫ d4p
(2π)4
d6k
(2πλ−2)6
φ˜
(
p,kμν
)
exp
(
ipμx
′μ + i
2
kμνθ
′μν
)
, (2.18)
where p2 − m2 = 0 and k2 − 2 = 0, and we have used that p · X = p · x. The length λ−2
is introduced conveniently in the k-integration to maintain the field with dimension of length
inverse. Consequently, the k-integration is kept dimensionless.
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pˆμ → −i∂μ and kˆμν → −i ∂
∂θμν
, (2.19)
and consequently, both (2.16) and (2.17) are combined into a single equation to give the Klein–
Gordon equation in the DFR space for the scalar field φ(+ λ2θ +m2)φ(x, θ) = 0, (2.20)
where we have defined θ = 12∂μν∂μν and ∂μν = ∂∂θμν , with ημν = diag(1,−1,−1,−1). Sub-
stituting the wave plane solution (2.18), we obtain the mass invariant
p2 + λ
2
2
kμνk
μν = m2, (2.21)
where λ is a parameter with dimension of length defined before, as the Planck length. We define
the components of the k-momentum kμν = (−k,−k˜) and kμν = (k, k˜), to obtain the DFR∗
dispersion relation
ω(p,k, k˜) =
√
p2 + λ2(k2 + k˜2)+m2, (2.22)
in which k˜i is the dual vector of the components kij , that is, kij = ijkk˜k (i, j, k = 1,2,3). It is
easy to see that whenever we establish the limit λ → 0 in Eq. (2.22) we recover commutativ-
ity [10].
To construct the action of a scalar field we need to define the Weyl representation for DFR∗
operators. It is given by the mapping
Wˆ(f )(xˆ, θˆ ) =
∫
d4p
(2π)4
d6k
(2πλ−2)6
f˜
(
p,kμν
)
eip·xˆ+
i
2 k·θˆ , (2.23)
in which (xˆ, θˆ ) are the position operators that satisfy the DFR∗ algebra, pμ and kμν are the
conjugated momentum of the coordinates xμ and θμν , respectively, as before. The Weyl sym-
bol provides a map between the operator algebra and the algebra of functions equipped with a
star-product, via the Weyl–Moyal correspondence
fˆ (xˆ, θˆ )gˆ(xˆ, θˆ ) ↔ f (x, θ)  g(x, θ), (2.24)
and the star-product turns out to be the same as in the usual NC case
f (x, θ)  g(x, θ) = e i2 θμν∂μ∂ ′ν f (x, θ)g(x′, θ)∣∣
x′=x, (2.25)
for any functions f and g. The Weyl operator (2.23) has the following trace properties
Tr
[Wˆ(f )]= ∫ d4xd6θW(θ)f (x, θ), (2.26)
and the product of n functions (f1, . . . , fn)
Tr
[Wˆ(f1) . . .Wˆ(fn)]= ∫ d4xd6θW(θ)f1(x, θ)  . . .  fn(x, θ). (2.27)
The function W is a Lorentz invariant θ -integration measure. This weight function is intro-
duced in the context of NC field theory to control the divergences of integration in θ -space [7,
12,14]. It will permits us to work with series expansions in θ , i.e., with truncated power series
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defined, in which it is assumed the normalization condition
〈1〉 =
∫
d6θW(θ) = 1. (2.28)
The function W would be an even function of θ , i.e., W(−θ) = W(θ), and consequently it
implies that
〈
θμν
〉= ∫ d6θW(θ)θμν = 0. (2.29)
The non-trivial integrals are expressed in terms of the invariant
〈
θ2n
〉= ∫ d6θW(θ)(θμνθμν)n, where n ∈ Z+, (2.30)
in which the normalization condition corresponds to the case n = 0. For n = 1, we have that∫
d6θW(θ)θμνθρλ = 〈θ
2〉
6
1[μν,ρλ], (2.31)
where 1[μν,ρλ] := (gμρgνλ − gμλgνρ)/2 is the identity antisymmetric concerning the indexes
(μν) and (ρλ). For n = 2, we can write that∫
d6θW(θ)θμνθρλθαβθγσ
= 〈θ
4〉
48
(
1[μν,ρλ]1[αβ,γ σ ] + 1[μν,αβ]1[ρλ,γ σ ] + 1[μν,γ σ ]1[ρλ,αβ]). (2.32)
Using the previous properties, an important integration is∫
d6θW(θ)e
i
2 kμνθ
μν = e−〈θ
2〉
48 kμνk
μν
, (2.33)
which is easily demonstrated integrating the exponential series. By the definition of the Moyal
product (2.25) it is trivial to obtain the property∫
d4xd6θW(θ)f (x, θ)  g(x, θ) =
∫
d4xd6θW(θ)f (x, θ)g(x, θ). (2.34)
The physical interpretation of the average value of the components of θμν , i.e. 〈θ2〉, is the defi-
nition of the NC energy scale [12]
ΛNC =
(
12
〈θ2〉
)1/4
= 1
λ
, (2.35)
in which λ is the fundamental length scale that emerges from the Klein–Gordon equation (2.20)
and in the dispersion relation (2.22). This approach has the advantage that it is not necessary to
specify the form of the function W , at least for lowest-order processes. The study of Lorentz-
invariant noncommutative QED, as Bhabha scattering, dilepton and diphoton production to LEP
data led the authors of [13,14] at the bound
ΛNC > 160 GeV 95% C.L. (2.36)
After the discussion about the W -function we can introduce the completeness relations
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∫
d4x′d6θ ′W
(
θ ′
)∣∣X′, θ ′〉〈X′, θ ′∣∣= 1, (2.37)
and ∫
d4p′
(2π)4
d6k′
(2πλ−2)6
∣∣p′, k′〉〈p′, k′∣∣= 1. (2.38)
Using both the previous completeness relations and the integral (2.33), we can obtain that〈
X′, θ ′
∣∣X′′, θ ′′〉= δ(4)(x′ − x′′)W−1(θ ′)δ(6)(θ ′ − θ ′′), (2.39)
and 〈
p,k
∣∣p′, k′〉= (2π)4δ(4)(p − p′)e− λ44 (kμν−k′μν)2, (2.40)
where we have used 〈θ2〉 = 12λ4 from (2.35), and the matrix elements〈
X′, θ ′
∣∣pˆμ∣∣X′′, θ ′′〉= −i∂ ′μδ(4)(x′ − x′′)W−1(θ ′)δ(6)(θ ′ − θ ′′), (2.41)
and 〈
X′, θ ′
∣∣kˆμν∣∣X′′, θ ′′〉= δ(4)(x′ − x′′)(−i) ∂
∂θ ′μν
(
W−1
(
θ ′
)
δ(6)
(
θ ′ − θ ′′)), (2.42)
which confirms the differential representation of (2.19). The result (2.40) reveals that the
canonical momentum kμν associated with θμν is not conserved due to the introduction of the
W -function. Mathematically speaking, in (2.40) we can see that at first sight there is a momen-
tum conservation problem at the vertice. It will be clarified at the end of the next section.
In the next subsection we will show the result obtained in [19] which showed that when we
have that kμν = 0, we could naively think that we would have DFR instead of DFR∗. However,
when kμν = 0 we will have that θμν = constant, which brings us back to canonical NCY.
2.3. kμν = 0 means canonical noncommutativity (θμν = constant)
NC classical mechanics (NCCM) can be developed in a phase-space which has a symplectic
structure consistent with the commutation rules of the NCQM in the extended Hilbert space
[29–31]. Initially, let us suppose the existence of a set of symplectic variables: ξa and Ωab , with
a, b, d = 1,2, . . . ,2n. Thus, given F and G functions of symplectic variables ξa and Ωbd , we
can define a generalized symplectic structure as [34],
{F,G} = {ξa, ξb} ∂F
∂ξa
∂G
∂ξb
+ {ξa,Ωbd} ∂F
∂ξa
∂G
∂Ωbd
+ {Ωbd, ξa} ∂F
∂Ωbd
∂G
∂ξa
+ {Ωac,Ωbd} ∂F
∂Ωac
∂G
∂Ωbd
, (2.43)
where the Einstein’s summation convention is understood. For any function F defined in this
space we can write
F˙ = {F,H }. (2.44)
Hence, we have constructed a general symplectic structure which can be used to obtain the equa-
tions of motion for all phase-space variables.
The symplectic structure consistent with the commutation relations derived from NCQM
given in Eqs. (2.1)–(2.3) can be written directly as
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xi, xj
}= θij , {xi,pj}= δij , {xi, θjk}= 0, {xi, kjk}= −12δiljkpl,
{pi,pj } = 0,
{
pi, θ
jk
}= 0, {pi, kjk} = 0,{
θik, θjl
}= 0, {θ ik, kjl}= δikj l, {kik, kjl} = 0. (2.45)
where δikj l = δij δkl − δil δkj . Here θij and kij are antisymmetric matrices. From the symplectic
structure (2.45), we can rewrite the Poisson bracket of two functions F and G of the symplectic
variables ξa , θij and kij given in Eq. (2.43) as follows
{F,G} = θij ∂F
∂xi
∂G
∂xj
+
(
∂F
∂xi
∂G
∂pi
− ∂F
∂pi
∂G
∂xi
)
+
(
∂F
∂θij
∂G
∂kij
− ∂F
∂kij
∂G
∂θij
)
+
(
∂F
∂xi
∂G
∂kji
− ∂F
∂kji
∂G
∂xi
)
pj
2
, (2.46)
where the terms that have a zero bracket in the algebra (2.1)–(2.3) were omitted. Notice that
in Eq. (2.46) we are working with the DFR∗ NCY. To recover DFR algebra we have to make
kij = 0.
In order to apply the formalism developed until now let us analyze a rotational invariant
Hamiltonian which shows the proper commutative limit [19]. Let us add an analogous kinetic
term to a standard Hamiltonian of the form
H = k
2
2Λ
+ p
2
2m
+ V (xi,pj , θ ij , kij ). (2.47)
We can see clearly in (2.47) that the generalized potential is a function of the extended NC phase-
space. The parameter Λ has dimension of (length)−3. The equations of motion corresponding to
the algebra in Eqs. (2.45) can be determined directly from Eq. (2.46)
x˙i = {x,H } = θij ∂V
∂xj
+
(
∂V
∂pi
+ p
i
m
)
+
(
kji
Λ
+ ∂V
∂kji
)
pj , (2.48)
p˙i = {pi,H } = − ∂V
∂xi
, (2.49)
θ˙ ij = {θij ,H}= kij
Λ
+ ∂V
∂kij
, (2.50)
k˙ij = {kij ,H } = − ∂V
∂θij
+ ∂V
∂xi
pj
2
, (2.51)
we can see clearly that, if kij = 0 and consequently the potential would not be a function of kij ,
from Eq. (2.50) that θ = const. and we recover the canonical NCY. We will talk more about this
result in a few moments.
Substituting Eqs. (2.49)–(2.51) into the derivative of Eq. (2.48) with respect to time, namely
x¨ = {x˙,H }, we obtain that
mx¨i = − ∂V
∂xi
+m
[
θij
∂
∂xk
(
∂V
∂xj
)
+ pj ∂
∂xk
(
∂V
∂kji
)
+ ∂
∂xk
(
∂V
∂pi
)]
x˙k
+m
[
∂
∂pk
(
∂V
∂xj
)
θij +
(
kki
Λ
+ ∂V
∂kki
)
+ ∂
∂pk
(
∂V
∂kji
)
pj + ∂
∂pk
(
∂V
∂pi
)]
p˙k
+m
[
δikδ
j
l
∂V
j
+ ∂
kl
(
∂V
j
)
θij + ∂
kl
(
∂V
)
pj + ∂kl
(
∂V
i
)]
θ˙ kl∂x ∂θ ∂x ∂θ ∂kji ∂θ ∂p
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[
∂
∂kkl
(
∂V
∂xj
)
+ pj
Λ
δ
j
k δ
i
l +
∂
∂kkl
(
∂V
∂kji
)
+ ∂
∂kkl
(
∂V
∂pi
)]
k˙kl . (2.52)
This equation is the rotational invariant Newton’s second law (NSL) in an extended NC phase-
space. In this equation, the corrections due to the NCY formalism with the symplectic structure
(2.45) are represented by the terms at the right-hand side of Eq. (2.52), except the first one. All
these new terms are generated by the variations in the potential and by the presence of NC coor-
dinates and its canonical conjugate momenta, which were crucial to extend the NC phase-space
and also to recover its invariance under rotations.
The first two terms of Eq. (2.52) were obtained in [33] where the authors described a NSL
which is non-invariant under rotations in an NC phase-space but θij was considered simply a
constant NC parameter, while in our case θij is considered as a dynamic variable. Therefore, this
new rotational invariant NC NSL, Eq. (2.52), generalizes the results obtained in [33,35–38].
Notice that if we make kij = 0 in Eq. (2.47), all the kij derivatives in Eqs. (2.48)–(2.52)
would disappear and consequently we could recover the canonical NC structure. If we make
θij = kij = 0 we recover the standard commutative framework, of course.
We will now treat an isotropic D-dimensional NC HO (NCHO) which can be described by the
rotational invariant NC Hamiltonian in Eq. (2.47) which has an appropriate commutative limit
[32] and where the potential V (xi,pj , θ ij , kij ) will be given by
V
(
xi,pj , θ
ij , kij
)= 1
2
mω2
(
xi + 1
2
θijpj
)2
+ 1
2
ΛΩ2θ2 (2.53)
where θ2 = θij θij which is a scalar constructed from the rank 2 tensor θij . By considering this
potential we can rewrite Eqs. (2.48)–(2.51) as
x˙i = 1
2
θij
(
mω2xj + 12mω
2θjlp
l
)
+ p
i
m
+
(
kji
Λ
)
pj , (2.54)
p˙i = −mω2xi − 12mω
2θijp
j , (2.55)
θ˙ ij = 2k
ij
Λ
, (2.56)
k˙ij = −2ΛΩ2θij . (2.57)
Let us analyze these equations of motion in the light of DFR∗ approach. In a naive way, it
would be possible to think that when kij = 0 it would be natural to conclude that the resulting
phase-space would be given by the DFR one. However, as we mentioned before when we have
analyzed the equations of motion for θij and kij in Eqs. (2.50) and (2.51), the result obtained
is that θij = constant. And again, if kij = 0 in (2.56) we can see clearly that θij = constant.
In other words, if we construct a Hamiltonian independent of kij it does not make sense to
construct Eqs. (2.51) and (2.57). Substituting these values in Eqs. (2.55) and (2.56) we recover
the canonical commutativity and not the DFR NCY approach.
Consequently we can conclude that the DFR∗ and pure DFR formalisms are both connected
to the canonical NCY via kij and not only via the nature of θij . Namely, to promote a dimen-
sional reduction of the phase-space (by doing kij = 0) means that θij loses its variable parameter
characteristic and becomes again a constant parameter. Hence, the phase-space dimensional re-
duction is represented by (xi,pi, θ ij , kij ) −→ (xi,pi) where θij is only a constant parameter,
i.e., the result of the bracket between x’s.
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be relevant, we understand that the momentum associated to θij is necessary. As a matter of
fact, it would be natural and direct to construct this object since θij , in DFR phase-space, is a
coordinate and must have an associated momentum. However, what is new [19], in our point of
view, is to connect the existence of kij with the kind of the NCY or, in other words, if the NC
formalism is DFR∗ or canonical.
This result make us think that, if we consider, for example, quantum field theories systems
embedded in a NC space–time, the implications are even more serious because the existence of a
NC variable parameter θμν recovers the Lorentz invariance of the NC theory. But, the relevance
of kμν = 0 is the fact that it brings back a constant θμν , and hence we have the Lorentz invariance
violated. So, having said that, the connection between both objects (θμν and kμν ) is a connection
between Lorentz invariant or non-invariant NC theories.
3. The action of φ4 model and Feynman rules
The DFR∗ action of a scalar field with quartic self-interaction φ4, defined at the NC space–
time is given by
S(φ) =
∫
d4xd6θW(θ)
(
1
2
∂μφ  ∂
μφ + λ
2
4
∂μνφ  ∂
μνφ
− 1
2
m2φ  φ − g
4!φ  φ  φ  φ
)
, (3.1)
where g is a coupling constant and if we use the identity (2.34), this action can be reduced to
S(φ) =
∫
d4x
1
2
[
(∂μφ)
2 + λ
2
2
(∂μνφ)
2 −m2φ2
]
− g
4!
∫
d4xd6θW(θ)(φ  φ)2. (3.2)
Using the Fourier transform, the free action in momentum space gives us the Feynman propaga-
tor [11]
F
(
p; kμν, k′μν
)= (2π)4δ4(p′ + p) ie− λ
4
4 (kμν+k′μν)2
p2 + λ22 k′μνkμν −m2 + iε
. (3.3)
The representation of the NCY via Moyal’s product is in the interaction term φ4 of (3.2). To
obtain the convenient Feynman rule for the vertex, we will write the interaction term of (3.2) in
the Fourier space
Sint(φ˜) = − g4!
∫ 4∏
i=1
d4pi
(2π)4
d6ki
(2πλ−2)6
φ˜(pi, kiμν)(2π)4δ(4)(p1 + p2 + p3 + p4)×
×
∫
d6θW(θ)F (p1,p2,p3,p4)e
i
2 (k1μν+k2μν+k3μν+k4μν)θμν , (3.4)
where φ˜ is the Fourier transform of φ and F is a function totally symmetric that changes the
momenta (p1,p2,p3,p4) as
F(p1,p2,p3,p4) = 13
[
cos
(
p1 ∧ p2
2
)
cos
(
p3 ∧ p4
2
)
+ cos
(
p1 ∧ p3
2
)
cos
(
p2 ∧ p4
2
)
+ cos
(
p1 ∧ p4)
cos
(
p2 ∧ p3)]
. (3.5)
2 2
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0, if i = j . The θ -integral of (3.4) can be calculated with the help of (2.33) and after some
algebraic work we obtain that
Sint(φ˜)
= − g
6 × 4!
∫ 4∏
i=1
d4pi
(2π)4
d6ki
(2πλ−2)6
φ˜(pi, kiμν)(2π)4δ(4)(p1 + p2 + p3 + p4)
× e− λ
4
4 ksμνk
μν
s
{
e−
λ4
16 (p1μp2ν−p1νp2μ+p3μp4ν−p3νp4μ)2
× cosh
[
λ4
2
kμνs (p1μp2ν + p3μp4ν)
]
+ e− λ
4
16 (p1μp2ν−p1νp2μ−p3μp4ν+p3νp4μ)2 cosh
[
λ4
2
kμνs (p1μp2ν − p3μp4ν)
]
+ e− λ
4
16 (p1μp3ν−p1νp3μ+p2μp4ν−p2νp4μ)2 cosh
[
λ4
2
kμνs (p1μp3ν + p2μp4ν)
]
+ e− λ
4
16 (p1μp3ν−p1νp3μ−p2μp4ν+p2νp4μ)2 cosh
[
λ4
2
kμνs (p1μp3ν − p2μp4ν)
]
+ e− λ
4
16 (p1μp4ν−p1νp4μ+p2μp3ν−p2νp3μ)2 cosh
[
λ4
2
kμνs (p1μp4ν + p2μp3ν)
]
+ e− λ
4
16 (p1μp4ν−p1νp4μ−p2μp3ν+p2νp3μ)2 cosh
[
λ4
2
kμνs (p1μp4ν − p2μp3ν)
]}
. (3.6)
The vertex V (4) of the φ4 interaction in the momentum space is given by
V (4)(p1, · · ·,p4; k1μν, · · ·, k4μν)
= −g
6
(2π)4δ(4)(p1 + p2 + p3 + p4)
× e− λ
4
4 ksμνk
μν
s
{
e−
λ4
16 (p1μp2ν−p1νp2μ+p3μp4ν−p3νp4μ)2
× cosh
[
λ4
2
kμνs (p1μp2ν + p3μp4ν)
]
+ e− λ
4
16 (p1μp2ν−p1νp2μ−p3μp4ν+p3νp4μ)2 cosh
[
λ4
2
kμνs (p1μp2ν − p3μp4ν)
]
+ e− λ
4
16 (p1μp3ν−p1νp3μ+p2μp4ν−p2νp4μ)2 cosh
[
λ4
2
kμνs (p1μp3ν + p2μp4ν)
]
+ e− λ
4
16 (p1μp3ν−p1νp3μ−p2μp4ν+p2νp4μ)2 cosh
[
λ4
2
kμνs (p1μp3ν − p2μp4ν)
]
+ e− λ
4
16 (p1μp4ν−p1νp4μ+p2μp3ν−p2νp3μ)2 cosh
[
λ4
2
kμνs (p1μp4ν + p2μp3ν)
]
+ e− λ
4
16 (p1μp4ν−p1νp4μ−p2μp3ν+p2νp3μ)2 cosh
[
λ4
kμνs (p1μp4ν − p2μp3ν)
]}
, (3.7)
2
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kμνs = kμν1 + kμν2 + kμν3 + kμν4 . (3.8)
The expressions (3.3) and (3.7) are the Feynman rules for the φ4 DFR∗ model. The radiative
corrections of the perturbative series, lines and vertex are represented in the momentum space by
those expressions. Clearly, the vertex expression shows that the external total momentum associ-
ated with extra-dimensions θ is not conserved, that is, ksμν = 0, while the total usual momentum
pμ is conserved. But notice that we are stating that the physical momentum is not conserved in
θ -space, which is a Planckian phase-space. We are talking about the vertex expression for the
momentum.
4. Radiative corrections
In this section we will analyze carefully the radiative corrections that are affected by the NC
properties of θ -space. However, we have to remember that the kμν = 0 case concerns the canon-
ical NC space–time. The objective here is to calculate both NC and DFR∗ radiative corrections
where in the DFR∗ phase-space, we have that kμν = 0. This will be carried out in the next section.
4.1. The self-energy propagator when kμν = 0
Now we will use the Feynman rules in momentum space (3.3) and (3.7) to obtain the radiative
corrections to the propagator and vertex of the φ4 model. To simplify we begin by analyzing
the divergences at the one loop approximation when the θ conjugate momentum kμν = 0 in the
Feynman rules of the previous section. The propagator is analogous to the usual commutative
case
F (p; kμν = 0) = i
p2 −m2 + iε , (4.1)
and the vertex expression can be reduced to
V (4)(p1, · · ·,p4; kμν = 0)
= −g
6
(2π)4δ(4)(p1 + p2 + p3 + p4)
× [e− λ416 (p1μp2ν−p1νp2μ+p3μp4ν−p3νp4μ)2 + e− λ416 (p1μp2ν−p1νp2μ−p3μp4ν+p3νp4μ)2
+ e− λ
4
16 (p1μp3ν−p1νp3μ+p2μp4ν−p2νp4μ)2 + e− λ
4
16 (p1μp3ν−p1νp3μ−p2μp4ν+p2νp4μ)2
+ e− λ
4
16 (p1μp4ν−p1νp4μ+p2μp3ν−p2νp3μ)2 + e− λ
4
16 (p1μp4ν−p1νp4μ−p2μp3ν+p2νp3μ)2]. (4.2)
We have just restricted the calculation to one loop approximation. The first non-trivial correction
to the scalar field propagator comes from the diagram
p −p
q q
p −p
q q
Σ1(m
2,p) = +
where
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(
m2,p
)= 1
2
∫
d4p1
(2π)4
d4p2
(2π)4
d4p3
(2π)4
d4p4
(2π)4
i
p22 −m2 + iε
× (2π)4δ(4)(p2 + p3)(2π)4δ(4)(p1 − p)V (4)(p1,p2,p3,p4), (4.3)
and after some calculation we have that
Σ1
(
m2,p
)= −g
6
∫
d4q
(2π)4
i
q2 −m2 + iε
[
2 + e− λ
4
4 (qμpν−pμqν)2] (4.4)
where we can see the NC factor λ and the NCY contribution.
The previous expression suggests us to write it as
Σ1
(
m2,p
)= Σ1(pn)(m2)+Σ1(np)(m2,p), (4.5)
where Σ1(pn) is the self-energy of the planar (pn) diagram
Σ1(pn)
(
m2
)= −g
6
∫
d4q
(2π)4
i
q2 −m2 + iε , (4.6)
while Σ1(np) is the non-planar (np) diagram
Σ1(np)
(
m2,p
)= −g
3
∫
d4q
(2π)4
i
q2 −m2 + iε e
− λ42 (q2p2−(q·p)2). (4.7)
From Eqs. (4.6) and (4.7) we can see that the non-planar (np) diagram is the one affected by
NCY, i.e., we have a non-planar diagram in DFR∗ phase-space. It is simple to see that Σ1(np)(m2,
p = 0) = 2Σ1(pn)(m2).
The planar expression is very similar to the self-energy of the commutative φ4 at the one loop
approximation. It has an integral that diverges at the ultraviolet limit, namely, when |k| → ∞.
For future convenience, we will use the method of Schwinger’s parameterization to evaluate the
integrals (4.6) and (4.7). To apply this method we will use the integral
i
q2 −m2 + iε =
∞∫
0
dseis(q
2−m2+iε), (4.8)
where s is the proper-time parameter that has length squared dimension. Substituting (4.8) into
(4.6) the planar self-energy term can be easily calculated to provide the s-integration
Σ1(pn)
(
m2
)= ig
96π2
∞∫
0
ds
s2
e−is(m2−iε). (4.9)
This s-integral evidently diverges when s = 0. Then we will introduce a cut-off regulator
ω by substituting s2 → sω , so the previous integral final result can be recovered in the limit
ω → 2. This procedure is analogous to consider a dimensional regulator 2ω in the q-momenta
integral (4.22). To keep the constant coupling dimensionless, we will carry out the substitution
g → g(μ2)2−ω , in which μ2 is an energy scale, so we obtain the result to the s-integral
Σ1(pn)
(
m2,ω
)= − gm2
96π2
(
μ2
m2
)2−ω
(1 −ω). (4.10)
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the ω-complex plane, except at the points (ω) = 1,2,3,4, · · · . We return to the integral result
(4.12) by taking ω = 2−  in (4.10) and expanding it around  → 0, we isolate the divergent part
as
Σ1(pn)
(
m2, 
)= gm2
96π2
1

+ gm
2
48π2
ln
(
μ
m
)
− gm
2
96π2
(γ − 1)+O(), (4.11)
where γ is the Euler–Mascheroni constant.
Considering the non-planar expression (4.7), we have an exponential function in the numer-
ator, which suggests one to introduce the Schwinger’s parametrization (4.8) into (4.7), so we
obtain
Σ1(np)
(
m2,p
)= −g
3
∞∫
0
dse−is(m2−iε)
∫
d4q
(2π)4
eisq
2− λ42 (q2p2−(q·p)2). (4.12)
These quadri-integrals can be written explicitly in terms of the integrals of the components (q0,q)
Σ1(np)
(
m2,p
)= −g
3
∞∫
0
dse−is(m2−iε)
∫
d3q
(2π)3
e−(is−
λ4
2 pμp
μ)q2+ λ42 (q·p)2
×
∞∫
−∞
dq0
2π
e(is+
λ4
2 p
2)q20−λ4p0(q·p)q0 , (4.13)
where the q0-integral is a Gaussian one that can be computed to obtain the result
Σ1(np)
(
m2,pμ
)= − ig
6π
∞∫
0
ds
(
π
is + λ42 p2
)1/2
e−is(m2−iε)
×
∫
d3q
(2π)3
e
−(is− λ42 pμpμ)q2+ λ
4
2 (q·p)2
( is− λ42 pμpμ
is+ λ42 p2
)
. (4.14)
Using spherical coordinates, we can calculate the angular integrals to obtain the radial integral
Σ1(np)
(
m2,pμ
)= −g
6
i
λ2|p|
∞∫
0
ds
e−is(m2−iε)
(is − λ42 pμpμ)1/2
×
∞∫
0
dq2
(2π)2
e−(is−
λ4
2 pμp
μ)q2 erfi
[
q
λ2
2
|p|
(
is − λ42 pμpμ
is + λ42 p2
)1/2]
, (4.15)
where erfi is the imaginary error function [46]. It is not difficult to see that this integral does
diverge in the k-integration (θ -space) when pμpμ is zero or time-like, that is, pμpμ ≥ 0. In con-
trast, it is well defined when pμpμ is space-like, that is, pμpμ < 0. Consequently, when pμpμ
is space-like, the non-planar diagram is naturally regularized by the presence of a length param-
eter λ. When λ → 0, that is equivalent to the limit pμpμ → 0−, the divergence is recovered. So
for the condition pμpμ < 0, we can obtain that
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(
m2,pμp
μ
)= ig
48π2
∞∫
0
ds
s2
e−is(m2−iε)
(
1 + i λ
4
2s
pμp
μ
)−3/2
. (4.16)
For this integral to be well defined for any value of pμpμ, we have to use the same regulariza-
tion procedure for the planar expression. Introducing a ω-cut-off parameter with s2 → sω , and
g → g(μ2)2−ω we obtain the result
Σ1(np)
(
m2,pμp
μ,ω
)= gm2
24π2
1
λ4m2pμpμ
(
λ4pμpμμ2
2
)2−ω
× 
(
5
2
−ω
)
Ψ
(
5
2
−ω,2 −ω;−λ
4
2
m2pμp
μ
)
, (4.17)
where Ψ is a confluent hypergeometric function (Kummer’s function). This result is finite, except
in (ω) = 5/2,7/2,9/2, · · · , so when ω → 2 we obtain the finite result
Σ1(np)
(
m2,pμp
μ
)= gm2
24π2
√
π
λ4m2pμpμ
Ψ
(
1
2
,0;−λ
4
2
m2pμp
μ
)
, (4.18)
in which pμpμ < 0.
When we expand the previous result around the pμpμ → 0−, it emerges a ultraviolet diver-
gence summed up to infrared divergence term in pμpμ = 0
lim
p→0−
Σ1(np)
(
m2,pμp
μ
)= g
12π2
1
λ4pμpμ
− gm
2
48π2
[
1 + γ + ln
(
−λ
4m2
8
pμp
μ
)]
. (4.19)
This result reveals itself as being a combination of ultraviolet/infrared (UV/IR) divergences in
DFR∗ models. It is direct to compare this conclusion with the usual NC case when θμν is just a
real constant parameter
lim
p→0Σ1(np)
(
m2,pμp
μ
)= g
96π2
1
p˜μp˜μ
+ gm
2
96π2
ln
(
m2
4p˜μp˜μ
)
, (4.20)
where p˜μ := θμνpν . This non-planar expression also exhibits a combination of UV/IR when
pμp
μ = 0. The two NC formalisms exhibit an analogous UV/IR combination.
4.2. The self-energy propagator when kμν = 0
The case of kμν = 0 is more complicated since we must use the Feynman rules in the mo-
mentum space (3.3) and (3.7). The correction to one loop in the propagator is illustrated by the
diagram
p,k1μν −p,k4μν
q, k2 q, k3
p,k1μν −p,k4μν
q, k2 q, k3
Σ1(m
2,pμ;k1μν, k4μν) = +
where the self-energy is given by
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(
m2,pμ; k1 + k4
)
= 1
2
∫
d4p1
(2π)4
d4p2
(2π)4
d4p3
(2π)4
d4p4
(2π)4
×
∫
d6k2
(2πλ−2)6
d6k3
(2πλ−2)6
ie− λ
4
4 (k2μν+k3μν)2
p22 + λ
2
2 k2μνk
μν
3 −m2 + iε
× (2π)4δ(4)(p2 + p3)(2π)4δ(4)(p1 − p)V (4)(p1, · · ·,p4; k1μν, · · ·, k4μν). (4.21)
By integrating the delta functions, the previous expression is reduced to
Σ1
(
m2,pμ; k1 + k4
)
= −g
6
∫
d6k2
(2πλ−2)6
d6k3
(2πλ−2)6
e−
λ4
4 (k2μν+k3μν)2
× e− λ
4
4 (k1μν+k2μν+k3μν+k4μν)2
∫
d4q
(2π)4
i
q2 + λ22 k2μνkμν3 −m2 + iε
× [2 + e− λ44 (qμpν−pμqν)2 cosh(λ4(k1μν + k2μν + k3μν + k4μν)qμpν)], (4.22)
where we rewrite it as a sum of a planar and non-planar parts, as we did before, so
Σ1(pn)
(
m2; k1 + k4
)
= −g
3
∫
d6k2
(2πλ−2)6
d6k3
(2πλ−2)6
e−
λ4
4 (k2μν+k3μν)2
× e− λ
4
4 (k1μν+k2μν+k3μν+k4μν)2
∫
d4q
(2π)4
i
q2 + λ22 k2μνkμν3 −m2 + iε
, (4.23)
and
Σ1(np)
(
m2,pμ; k1 + k4
)
= −g
6
∫
d6k2
(2πλ−2)6
d6k3
(2πλ−2)6
e−
λ4
4 (k2μν+k3μν)2
× e− λ
4
4 (k1μν+k2μν+k3μν+k4μν)2
∫
d4q
(2π)4
i
q2 + λ22 k2μνkμν3 −m2 + iε
× e− λ
4
2 (q
2p2−(p·q)2) cosh
[
λ4(k1μν + k2μν + k3μν + k4μν)qμpν
]
, (4.24)
respectively. Notice that in this case, both planar and non-planar parts are affected by NCY.
The planar self-energy has an ultraviolet divergence in the q-integration and consequently, we
will use the same technique (Eq. (4.8)) of the previous section to calculate it, so we obtain
Σ1(pn)
(
m2; k1 + k4
)
= ig
48π2
∞∫
0
ds
s2
e−is(m2−iε)
×
∫
d6k2
(2πλ−2)6
d6k3
(2πλ−2)6
e−
λ4
4 (k2μν+k3μν)2− λ
4
4 (k1μν+k2μν+k3μν+k4μν)2+is λ
2
2 k2μνk
μν
3 .
(4.25)
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Σ1(pn)
(
m2; k1 + k4
)= ig
48π2
∞∫
0
ds
s2
(
λ2
πs
)6
e−is(m2−iε)
(1 + i4λ2/s)3 e
− λ44 (k1μν+k4μν)2( 1+i2λ
2/s
1+i4λ2/s ),
(4.26)
and we can see that the previous result has mass squared dimension, which agrees with the
dimension of the self-energy. This s-integral has a strong ultraviolet divergence when s = 0, due
to the term s−8. Hence, it needs an ultraviolet regulator cut-off in order to transform it in a well
defined one. To make our task easier, we will choose the case in which k1 + k4 = 0 (it can be a
possible choice in a specific renormalization picture), so the previous integral is simplified to
Σ1(pn)
(
m2; k1 + k4 = 0
)= ig
48π2
∞∫
0
ds
s2
(
λ2
πs
)6(
1 + i 4λ
2
s
)−3
e−is(m2−iε). (4.27)
This integral has gained a new term inside the integration connected with the case kμν = 0 in the
expression (4.27).
As we have discussed before, this s-integral is divergent, so we use ω-cut-off parameter to
turn it well defined
Σ1(pn)
(
m2; k1 + k4 = 0,ω
)
= ig
48π2
(
μ2
)2−ω(λ2
π
)6 ∞∫
0
dss−ω−6
(
1 + i 4λ
2
s
)−3
e−is(m2−iε), (4.28)
where the integral is recovered when ω → 2. This procedure is analogous to the one used in
dimensional regularization concerning the q-integration that we have used in the previous sub-
section. Using an integral handbook, we obtain that
Σ1(pn)
(
m2; k1 + k4 = 0,ω
)
= − g
12(4π)8λ2
(
4λ2μ2
)2−ω
(−2 −ω)Ψ (−2 −ω,−4 −ω,−4λ2m2), (4.29)
where  is the Gamma function and Ψ is the confluent hypergeometric function. The previous
result is well defined throughout the complex ω-plane but at any point on the real axis with
(ω) ≥ −2. Taking the limit ω = 2 − , with  → 0, we can isolate the divergent part in (4.29)
Σ1(pn)
(
m2; k1 + k4 = 0, 
)
= − g
(4π)8λ2
5
4
− gm
2
3(4π)8
2

(−5 + 6λ2m2)
− g
(4π)8λ2
(
25
12
− γ
)(
5
4
− 10
3
λ2m2 + 4λ4m4
)
− g
(4π)8λ2
(
5
4
− 10
3
λ2m2 + 4λ4m4
)
ln
(
4λ2μ2
)+O(), (4.30)
where we have neglected terms of order (λm)4.
Concerning the non-planar expression (4.24), we can use the Schwinger’s parameterization
(Eq. (4.8)) to write this integral in terms of exponentials
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(
m2,pμ; k1 + k4
)
= −g
6
∞∫
0
dse−is(m2−iε)
∫
d6k2
(2πλ−2)6
d6k3
(2πλ−2)6
× e− λ
4
4 (k2μν+k3μν)2− λ
4
4 (k1μν+k2μν+k3μν+k4μν)2+is λ
2
2 k2μνk
μν
3
×
∫
d4q
(2π)4
eisq
2− λ42 (q2p2−(p·q)2) cosh
[
λ4(k1μν + k2μν + k3μν + k4μν)qμpν
]
,
(4.31)
where we have written the hyperbolic cosine in this expression in terms of exponentials to sim-
plify this integral which can be seen as the sum
cosh
[
λ4(k1μν + k2μν + k3μν + k4μν)qμpν
]= 1
2
1∑
σ=−1
eσλ
4(k1μν+k2μν+k3μν+k4μν)qμpν ,
(4.32)
with σ = 0. So, we have that
Σ1(np)
(
m2,pμ; k1 + k4
)
= − g
12
1∑
σ=−1
∞∫
0
dse−is(m2−iε)
×
∫
d4q
(2π)4
eisq
2− λ42 (q2p2−(p·q)2)
∫
d6k2
(2πλ−2)6
d6k3
(2πλ−2)6
e−
λ4
4 (k2μν+k3μν)2
× e− λ
4
4 (k1μν+k2μν+k3μν+k4μν)2+is λ
2
2 k2μνk
μν
3 +σλ4(k1μν+k2μν+k3μν+k4μν)qμpν . (4.33)
After the calculation of the Gaussian integrals in (k2, k3), we obtain that
Σ1(np)
(
m2,pμ; k1 + k4
)
= − g
12
1∑
σ=−1
∞∫
0
ds
(
λ2
πs
)6
e−is(m2−iε)
(1 + i4λ2/s)3
× e− ησ λ
4
4 (k1μν+k4μν)2
∫
d4q
(2π)4
eisq
2− λ42 ξ(q2p2−(p·q)2)+λ4η(k1μν+k4μν)qμpν , (4.34)
where we have defined the complex constants
ξ(σ ) := 1 − i2λ
2/s
1 + i4λ2/s σ
2 and η(σ ) := σ 1 + i2λ
2/s
1 + i4λ2/s , (4.35)
in which ξ(σ = ±1) = (1 + i2λ2/s)(1 + i4λ2/s)−1, and η(σ = ±1) = ±ξ that agrees with the
sum defined in (4.32). By writing it in terms of the integrals (q0,q) we have that
Σ1(np)
(
m2,pμ; k1 + k4
)
= − g
12
1∑
σ=−1
∞∫
ds
(
λ2
πs
)6
e−is(m2−iε)
(1 + i4λ2/s)3
0
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4
4 (k1μν+k4μν)2
∫
d3q
(2π)3
e−(is−
λ4
2 ξpμp
μ)q2+ λ42 ξ(q·p)2−λ4ηpμ(k1+k4)μj qj
×
∞∫
−∞
dq0
2π
e(is+
λ4
2 ξp
2)q20−λ4[ξ(q·p)p0−ηpμ(k1+k4)μ0]q0, (4.36)
where the q0-integral is a Gaussian one, and after computation we have that
Σ1(np)
(
m2,pμ; k1 + k4
)
= − ig
24π
1∑
σ=−1
∞∫
0
ds
(
λ2
πs
)6(
π
is + λ42 ξp2
)1/2
× e
−is(m2−iε)
(1 + i4λ2/s)3 e
− η
σ
λ4
4 (k1μν+k4μν)2− λ
8
4 η
2[pμ(k1+k4)μ0]2(is+ λ42 ξp2)−1
×
∫
d3q
(2π)3
e−(is−
λ4
2 ξpμp
μ)q2+ λ42 ξ(q·p)2(is− λ
4
2 ξpμp
μ)(is+ λ42 ξp2)−1
× eλ4η[ λ
4
2 ξpμ(k1+k4)μ0(is+ λ
4
2 ξp
2)−1p0pj−pμ(k1+k4)μj ]qj . (4.37)
We have used the spherical coordinates to reduce the previous integrals to a radial integral
Σ1(np)
(
m2,pμ; k1 + k4
)
= − ig
48
1∑
σ=−1
∞∫
0
ds
(
λ2
πs
)6 1
(is − λ42 ξpμpμ)1/2
× e
−is(m2−iε)
(1 + i4λ2/s)3 e
− η
σ
λ4
4 (k1μν+k4μν)2− λ
8
4 η
2[pμ(k1+k4)μ0]2(is+ λ42 ξp2)−1
× e
λ4η2
2ξp2
| λ42 ξpμ(k1+k4)μ0(is+ λ
4
2 ξp
2)−1p0pj−pμ(k1+k4)μj |2(is+ λ42 ξp2)(is− λ
4
2 ξpμp
μ)−1
×
(
2
λ4ξp2
)1/2 ∞∫
0
dq2
(2π)2
e−(is−
λ4
2 ξpμp
μ)q2
×
{
erfi
[
qλ2|p|
(
ξ
2
is − λ42 ξpμpμ
is + λ42 ξp2
)1/2
+ λ2η |λ
4ξpμ(k1 + k4)μ0p0pj − 2pμ(k1 + k4)μj (is + λ42 ξp2)|
4|p|
√
ξ
2 (is − λ
4
2 ξpμp
μ)(is + λ42 ξp2)
]
+ erfi
[
qλ2|p|
(
ξ
2
is − λ42 ξpμpμ
is + λ42 ξp2
)1/2
− λ2η |λ
4ξpμ(k1 + k4)μ0p0pj − 2pμ(k1 + k4)μj (is + λ42 ξp2)|
4|p|
√
ξ
(is − λ4 ξpμpμ)(is + λ4 ξp2)
]}
. (4.38)2 2 2
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is divergent if pμpμ > 0. After a tedious calculus, the radial integral can be written conveniently
in order to help us to use the Handbook’s integrals book to obtain the result
Σ1(np)
(
m2,pμ; k1 + k4
)
= ig
48π2
∞∫
0
ds
s2
(
λ2
πs
)6(
1 + i λ
4
2s
ξpμp
μ
)−3/2
× e
−is(m2−iε)
(1 + i4λ2/s)3 e
− λ44 ξ(k1μν+k4μν)2− λ
8
4 ξ
2[pμ(k1+k4)μ0]2(is+ λ42 ξp2)−1
× e
λ4ξ
2p2
| λ42 ξ(is+ λ
4
2 ξp
2)−1pμ(k1+k4)μ0p0pj−pμ(k1+k4)μj |2(is+ λ42 ξp2)(is− λ
4
2 ξpμp
μ)−1
× e
λ4ξ
2p2is
| λ42 ξ(is+ λ
4
2 ξp
2)−1pμ(k1+k4)μ0p0pj−pμ(k1+k4)μj |2(is+ λ42 ξp2)2(is− λ
4
2 ξpμp
μ)−1
.
(4.39)
When the external k-momenta are zero, i.e., k1 = k4 = 0, it is straightforward to see that the
result (4.39) reduces to (4.16), with the factor (1 + i4λ2/s)−3 due to the integrations (k2, k3) in
the loop. Hence, we can write the integral in (4.39) as
Σ1(np)
(
m2,pμp
μ; k1 + k4 = 0
)
= ig
48π2
∞∫
0
ds
s2
(
λ2
πs
)6(
1 + iξ(s)λ
4
2s
pμp
μ
)−3/2(
1 + i 4λ
2
s
)−3
e−is(m2−iε), (4.40)
where ξ(s) = (s + i2λ2)(s + i4λ2)−1. This s-integral is divergent in s = 0 due to the s−8 term,
so we use the previous regularization s2 → sω , and (4.40) can be simplified as
Σ1(np)
(
m2,pμp
μ; k1 + k4 = 0,ω
)
= ig
48π2
(
μ2
)2−ω(λ2
π
)6 ∞∫
0
dss−ω−3
[
s + i4λ2
(
1 + λ
2pμpμ
16
)]−3
e−is(m2−iε),
(4.41)
where we have neglected terms of order λ6. The previous integral is given by
Σ1(np)
(
m2,pμp
μ; k1 + k4 = 0,ω
)
= − g
12
(4λ2μ2)2−ω
(4π)8λ2
(
1 + λ
2pμpμ
16
)−5−ω
× (−ω − 2)Ψ
(
−ω − 2,−4 −ω,−4λ2m2
(
1 + λ
2pμpμ
16
))
, (4.42)
where it is well defined at (ω) = −3,−4,−5, · · · . In the limit ω → 2, we can make an ex-
pansion ω = 2 −  in order to isolate the divergent part of the integral (4.40) to obtain the final
result
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(
m2,pμp
μ; k1 + k4 = 0, 
)
= − g
12(4π)8λ2
(
1 + λ
2pμpμ
16
)−7 1

− 2gm
2
3(4π)8
(
1 + λ
2pμpμ
16
)−6(−5 + 6λ2m2)1

− 5g
48(4π)8λ2
(
1 + λ
2pμpμ
16
)−7
(25 − 12γ )
− gm
2
3(4π)8
(
1 + λ
2pμpμ
16
)−6
(25 − 12γ )
[
−6
5
+ 16λ2m2
]
− 5g
48(4π)8λ2
(
1 + λ
2pμpμ
16
)−7
ln
(
4λ2μ2
)
− 5g
48(4π)8λ2
(
1 + λ
2pμpμ
16
)−7
ln
(
1 + λ
2pμpμ
16
)
+O(). (4.43)
We can observe that in this expression there is not any infrared divergence problem when
pμp
μ = 0, differently from the result (4.19) which has a divergent term when pμpμ = 0. Con-
sequently, the DFR∗ formalism does not have a (UV/IR) divergence.
This result confirms the one obtained in [47] where the Moyal–Weyl product formalism was
used and the Pauli–Villars cut-off regularization technique was applied to solve integrals’ prob-
lems.
5. Conclusions and final remarks
The quest to understand the physics of the early Universe has many candidates and one of
them is to study theories described on NC planes because this NCY has its measure linked
to the Planck scale (see [45] and references therein). This θ -parameter is considered to have
two distinct features. It can be constant in an approach called canonical NCY, which causes a
Lorentz invariance breaking. Or it can be a coordinate of a ten-dimensional NC phase-space that
is formed by (xμ,pμ, θμν, kμν) where kμν is the canonical momentum conjugate to θμν . It can
be demonstrated that kμν is also connected to the Lorentz invariance [19]. In the first case, it was
demonstrated in [43] that the Lorentz invariance is not starkly lost when θ = const. Through a de-
formed Lorentz transformation the author in [43] showed that the algebra in (1.4) is left invariant
(defining that θ0i = 0). The standard Lorentz transformation is obtained in the limit θμν → 0.
Considering θμν as a coordinate, we have in the current literature two formulations that are
directly related to each other. The standard DFR considers θμν as a coordinate, and the so-called
DFR-extended, i.e., DFR∗, which recognizes the existence of kμν . As we saw in this work, we
can construct an interactive QFT in this DFR∗. However, in [19] it was shown that when kμν = 0
we have the canonical NCY recovered and not the standard DFR approach. This interesting
demonstration was reviewed here. In this way we can conclude that the DFR formalism has to
have a momentum conjugated to the θ -coordinate. In other words, DFR and DFR∗ are identi-
cal formalisms, although the DFR-literature has not considered this fact so far. To analyze the
consequences of this missing feature (kμν = 0) in DFR-literature can be an interesting task [20].
Having said that, we have in our hands all the ingredients to construct a NCQFT using the
DFR∗ QFT, which has been accomplished through the last recent years [9–11]. Hence, in this
764 E.M.C. Abreu, M.J. Neves / Nuclear Physics B 884 (2014) 741–765work we have provided a new step in this way and we have analyzed the self-quartic interaction
for a scalar field through Feynman diagrams formalism. The vertices calculation were also ac-
complished. After obtaining these Feynman rules, we have computed the radiative corrections to
one loop order for the propagator of the model. The objective here was to analyze the combina-
tion of IR/UV divergences.
Concerning the radiative corrections, we have investigated two cases: kμν = 0 and kμν = 0.
The first one, although it is not an element of the DFR∗ phase-space, as we have explained
before, it is useful to compare with the kμν = 0 case. Namely, kμν = 0 is a toy model in DFR∗
phase-space. Hence, both the self-energy of planar and non-planar diagrams have shown different
results concerning the NC parameter presence. The non-planar diagram has shown NCY effects.
The second case, kμν = 0, presents both planar and non-planar scenarios affected by NCY. In
order to solve a complicated integral, we have introduced a kind of dimensional regularization.
The final result demonstrated an interesting feature, the DFR∗ approach did not show an explicit
UV/IR divergence. This result confirms the one obtained in [47] where the Moyal–Weyl product
formalism (to introduce NCY features in the theory) and the Pauli–Villars cut-off regularization
technique were used.
To obtain the same result using both formalisms can make us think if there is some kind of
connection between DFR∗ space–time and the Moyal–Weyl product. Notice that the fact that in
DFR∗ the θ -parameter is not constant does not break the associative property of the so-called star
products. The Moyal–Weyl product is one of the star-products and x and θ are both disconnected
coordinates. To analyze other regularizations and the phenomenological consequences of the
results obtained here can be an interesting research.
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